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SUMMARY 



lliis report describes th,e tiieorj- of the "T""type coaxial notch filter and 
presents design curves enabling the dimensions of practical filters to be calculated 
rapidly. The type of filter considered was first described by Sosin-*- and provides a 
two-terminal impedance with a pole and aero close together in frequency-. If the two- 
terminal impedance is connected in shunt with a transmission line it forms a filter 
lAiich will pass one frequency and stop another adjacent frequency = The underlying 
theory of filters of this type has been investigated by P=I^D^ and filters for many 
practical applications have been designed^ The equations governing the design, 
however, cannot be solved in terms of tabulated functions and it has been necessary to 
solve individual cases graphically^ The equations have now been solved by Research 
Department for a useful range of values by an iterative method and design curves 
plotted. 



1. INTRODUCTION 

Many practical applications arise in VBh^f^ work in which a two-terminal 
admittance with a closely spaced pole and zero is required*, Such networks are used 
as simple filters to stop and pass desired frequencies \ih.eii connected across a trans- 
mission line and also form a part of const£int=impedance networks used to combine the 
outputs of two or more transmitters into a common aerial™ For convenience the two- 
terminal networks will be referred to as "notch" filters, the frequency of the pole 
as the "stop" frequency and the frequency of the aero as the "pass" frequency^ 

At Vah=.f» it is desirable to construct notch filters from coaxial elements 
and there are several configurations which will achieve the desired admittance 
characteristic^ The most compact and flexible configuration of elements is that 
described by Sosin"'' which consists of a "T" of three coaxial elements of similar 
characteristic impedance as shoxro in Fig, 1. 

In general it is convenient to construct the filter from coaxial elements 
of the same characteristic impedance as the transmission line across which it is 
connected, as illustrated in Fig. Ij and in this report it is assumed that the desi^ 
is carried out in this way. 

In the arrangement of Figs 1 it is convenient first to consider the perfor- 
mance when the element 63 is of zero length,. In this case, in the absence of losses, 
there will be an admittance aero when &X + 62 ~ tt/Z and an admittance pole when 
&! = Tf/S,^ It should be further noted that, for close frequency spacing of the pole 
and aero, the rate of change of susceptance with frequency at the aero inll be large 
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Fig. I - General arrangement of ''T"-type coaxial notch filter 

and tlie rate of change of reactance with frequency at the pole (impedance zero) will 
be small. This means that for signals transmitted along the main transmission line 
(see Pig. 1) the bandwidth in the pass condition will be narrow and the resistive 
loss high and the bandwidth in the stop condition broad and the resistive stop loss 
high. 

If a length of feeder ^3 (between O and 7t/2 radians in electrical length) is 
now added to the filter and the elements ^1 and 6^ are retimed to give a pole and zero 
at the same frequencies as before, the rates of change of susceptance and reactance at 
the admittance zero and pole respectively are found to be modified. The susceptance 
slope at the zero is reduced and the reactance slope at the pole is increased, and the 
resistive pass and stop losses both reduced. By the addition of suitable values of 
^3, therefore, it is possible, without losing the compact nature of the arrangement, 
to obtain a range of filters with the same desired pass and stop frequencies but with 
differing pass and stop bandwidths and pass and stop losses. 

Unfortunately, in spite of its compactness and electrical simplicity, the 
"T"-type notch filter is difficult to design since the equations defining its perfor- 
mance are transcendental and cannot be solved explicitly. The filters have, in fact, 
been used by P.I.D. for some years, the design being carried out graphically or, in 
certain cases, by means of suitable approximations. It was felt, however, that a set 
of curves which would enable the design parameters for any particular case to be 
readily determined was most desirable and would result in a considerable saving of 
time. Discussions between P.I.D. and Research Department were therefore held and the 
problem was arranged by P.I.D. in a form suitable for mathematical solution by 
Research Department. 

This report is divided into three sections, Section S contributed by P.I.D. 
describes the problem to be solved and the method by vrtiich the design parameters are 
determined. Section 3 contributed by Research Department describes the mathematical 



solution of the problem, and the production of the design curves. Section 4 describes, 
with examples, the use of the curves. 

2» GENERAL THEORY OF CLOSE-SPACED NOTCH FILTERS 

It has been pointed out, in Section 1 above, that a range of filter designs 
exists for specific values of pass and stop frequencies, and that any filter in this 
range can be obtained by a suitable choice of 6^ if the "T"-type is used. In a 
practical filter, losses will occur, and the design chosen will be that giving a 
suitable compromise between: 

(a) The diameter of the coaxial elements used. 

(b) The power lost at the pass frequency. 

fc) The attenuation obtained at the stop frequency. 

Cd) The required bandwidths at the pass and stop frequencies. 

It is thus necessary to determine the following parameters before considering 
the solution of the equations governing the performance of any particular filter 
configuration: 

(i) The pass frequency. 

(ii) The stop frequency. 

fiii) The relationship between the susceptance and reactance slopes at the pass 
and stop frequencies respectively i.e. the relationship between pass and 
stop bandwidths and losses. 

If a filter is constructed of any number of elements vAiich are all coaxial 
feeders of the same type, then irrespective of the configuration used, the admittance 
at the input terminals, as a function of frequency, may be taken as 



2.7T f 



(1) 



where a is the loss of the cable used for the filter in nepers/imit length, 
/ is an arbitrary function depending upon the filter configuration, 
Ig is the characteristic admittance of the coaxial feeder used for the elements, 
/ is the frequency and 
c is the velocity of propagation of signals along the elements. 

Equation (1) is valid for small cable losses due to series resistance, which condition 
is of interest in practice since cables involving appreciable shunt losses would be 
unsuitable for use in filters discriminating between closely spaced pass and stop 
frequencies. 

If a "T"-type coaxial notch filter is designed to give a pole and zero of 
admittance spaced close together in frequency then any other poles and zeros occurring 
in the admittance/frequency characteristic will be distant in frequency from the 
required pole and zero by amounts large compared with the spacing between the required 



pole and zero. Equation (1) may, therefore, be rewritten in terms of the required 
pole and zero as follows 

277 

7=±jY,ll^ ^ — (2) 

-7- (f-fs'i-3<^ 

where f^ is the frequency of the pole (stop frequency), fp is the frequency of the 
zero (pass frequency} and f is a constant governing the relationship between the 
bandwidths and losses at the stop and pass frequencies. The positive sign must be 
taken for f > f^ and the negative in the contrary case. Hence, since a is small, 
the admittances at the pole and zero frequencies will be real and writing these as 
resistances we get 

1 _ CLC 

— {stop frequency) - r - 1 T" J (3a) 
T Zrr\fp-f,\r^S^ 

1 ^ Znlfp-fJ 

— (pass frequency) ~ R iz r — \dai 

r a c7„ iF 



From Equations (3a) and (3b) two results can be obtained 

_- = srl {4a: 
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If we write the ratio of the pole and zero frequencies as 



(4b) 



then Equations (4) can be written 






1 

7f7s 



{5a} 



(5b) 



R 477=(l-fe)^ 

where k is the wavelength at the stop frequency f^, so that fs^ - ^• 

In practice manufacturers quote the performance figures for the loss of 
cables in dB/100 ft. If, therefore, D is the loss in dB/lOO ft and K is measured in 
feet then Equations (5) become 



n - 



Ytr-R 



(6a} 



d - 



5460(1- fe) 



(6b) 



Pig. 2 shows in schematic form a notch filter connected across a transmission 
line of characteristic impedaace Z^ - 1/Y^ and from this equivalent circuit the losses 
at the pass and stop frequencies will he 
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Fig. 2- Equivalent circuit for calculating notch f i Iter insertion losses 



Equations (6) and (7) give a basis for determining the fundamental design of 
a notch filter whatever its configuration. Assuming that the required pass and stop 
losses are given and the required pass and stop frequencies are known the following 

calculations can be made: 

fa) From Equations (7) (which are plotted in Fig. 3) the required values of 
rl^ and RY ^ can be determined. 

(b) From Equations (6b) and (6a) respectively the values of D, the cable 
attenuation and S may be determined and these values control the design 
of the actual filter to be used. 



Tn designing the filter the correct size of cable can be determined from D, 
the required attenuation, but it is necessary to relate ^ to the filter configuration 
used. Since a is small, then from Taylor's theorem, the input admittance and impedance 
of the filter in Equation (1) may be written 
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Fig. 3 - Relationship between filter resistance and pass and stop losses 

where fA—^j = -l/{P(27Tf/c)} 

Thus from Equations (8a) and (8b) the values of resistance at the pole 
and zero are: 



(8a) 



(8b) 



R - 
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a c ^-~ [susceptance] / = / 



a c ■:;; — [reactance] f = f 
Of i J i 



(9) 



Hence from Equation {6a): 



■=; — [susceptance] f = t 
1 Bf "^ ^ U 






(101 



— — [reactance] t = t 

6 f } 's 



For tke design of a filter of any particular configuration, therefore, a 
knowledge of the required loss in dB/100 ft determines the type of cable to be used 
and a knowledge of the parameter }f determines the particular filter required out of 
the range of filters, all of xAiich pass and stop the required frequencies. 

3. SOLUTION OF THE DESIGN ESUATIONS OF THE "T"-TTPE NOTCH FILTER 
3. 1. Pass and Stop Conditions 

As in the preceding section let f^ be the stop frequency and / any other 
frequency, the ratio f/f^ being denoted by x. Tlien, if ^i, 6^ ^^^ ^3 denote the 
electrical lengths of the arms of the filter as shown in Fig. 1 at frequency /^ the 
lengths at frequency / are x6 i, x6q and xSq. Let k be the value of x at /^ the pass 
frequency. Then fp/f^ = k, k being nearly unity. We shall consider mainly the 
case fe < 1. 

Application of the transmission line equations shows that, neglecting cable 
losses, the input admittance of the filter, denoted by jY," is determined from the 
relations: 



(11 



r = Y„ -taii(4>^ + xds} 
tant^^ = tan. X 6 i_— cot X 6 2 
■viiere Y is the characteristic admittance of the cable. At the pass frequency 

Y - , X = k 

.-. tan(0ft+ fe^s) - 
.'. taiL(f>f^ = -tanfe^g 
Hence tan fe i9i- cot fe 6*2 =^ -tan ^6*3 (12) 

Similarly, at the stop frequency x - 1 and Y is Infinite, or 4>i + 6q - n/Z. Hence 

tan^j- cot ^2 - cot ^3 



(13) 



In any particular design fe is given and i9i, ^2 ^nd d^ have to be determined. 
The Equations (IS) and (13) will have a single infinity of solutions between and n/Z 
(v4iich is the range of interest since short cable lengths are desirable) and thus a 
finite number of solutions will be expected if one further condition is imposed. 

3.2. The Additional Condition 

As discussed in Section 2, from practical considerations it is desirable to 
control the losses and/ or the bandwidths at the pass and stop frequencies. It is 



"^Because we work with the adKlttance jY rather than the susoeptance Y, we get the extra minus 
1 n Bquat Ions 14 . 



shown in Section £ of this report that the parameter f is simply related to these 
losses and has the further advantage of heing independent of the cable loss. A third 
condition is therefore imposed by specifying the value of #, from Equation (10) 
Section 2, \s4iich may also be written 






1 L d/ }^=k 



^fV)\.-. 



7 being defined by (11). It follows that 
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S= ~ z : — r^ (14) 



d 

$ ^, $2 and $3 being considered constant and T a function of the variable x only. 
Since T= Y^ tanicp^-^- XO3] 

£= r,sec=(0,+ x^,)^ (cf^x + xOs) 



= Y. 



1 + — — ((;6^ + %^3) (15) 

rf J dx 



d / 1 \ 1 „ . „ d 



and ':f~(~7 l~ ~ T~ cosec^(0^ + x-i93) -r- i4>^+x6 



dx\ Y - r„ ""'^^^ "^*' '^"=^' dx 



'3. 
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Inserting eicpressions (15) and (16) into (14) we find 



[^'*'+-«='l 



s = iii (17) 

since T = at % = k 

1 
and -n-- at % - 1 . 

d di^^ , , 

Now _ (0^ + x^g) = ^+^3 fl8} 

dx dx 

Moreover, since tant^^^ = tanx^i- cotxi^s 



■(^^ -= ^isec xd± + $3Cosec xd^ 

dx 

d4>x ^1 sec^xi9i+ i^scosec^ xd^ 



dx 1.+ tan 0J. 

.2., fl , £1 „„2 



secxc'i+ c'2 cosec xc'2 



1+ {tan x^i — cot x^e) 



2 



Putting X ~ k and using (18) we find 

'd4>^\ 0isec2fe6'i+(9ecosec^ te^2 ^i sec^ fegi+ ^gcosec^ fe^g 



dx /*=fe l+tan^fei93 sec fefc'g 

Similarly at x = 1 



2 



.2 



dx / x=iL l+cot^fc^3 cosec C?3 

Hence from (17) and (18) 

cosec^ 6a I gisec^fegi+ ^2 cosec^ feg2 + ^3 sec^ fe^s 
^ ^ aec^ te(93 I ^isec^5i + 52COsec^e2 + ^3COsee^ea 



(19' 



3.3. Method of Solution 

Since no explicit solution of Equations (IS), (13) and (19) in terms of 
simple functions was known wMch gives 6^, 6 r, and 6^ in terms of fe and S, iterative 
approximation methods were used to obtain a large number of corresponding sets of 
values of fe, ^1, 9^ and 6^ and from each set the value of J^was found from Equation (19). 
Graphs were then produced by means of which the process of obtaining 6 xt 0^ and 6^ 
knowing fe and jV could be carried out immediately. 

Since there is a double infinity of corresponding sets of fe, i9i, 6^ and B^ 
any two of them may be chosen arbitrarily. The iterations consisted of finding 
closer and closer approximations to the other two until there is certainty of being 
within the pre-assigned tolerance. Two methods of iteration were used according to 
the range of values of ^3 under consideration. These will be described in detail. 

MBTBOD (1) 

fe and Ox are first chosen and approximations to (92 and 6*3 found by the 
following cycle of operations: 

(1) Start with any value of 6^^ say Bq^ . 

(2) Determine 0'^ from cot^g = tan6*^- cot 5^ . .. (A) . 

(3) Determine B'li^ the next approximation to ^2> from 

cot fel92 = tan fe^i+tan^a ••• fB) . 



10 

(4) Return to Squation (A) to determine a new approximation to 63, say 0q , 
using $2 instead of d^ • 

(5) Continue ttie cycle until successive approximations to Oq and 6q differ by 
less than 0* 1°, 

MBIHOD f£) 

6x an.d ^2 ^^® chosen initially, 0g being found directly from Equation (12). 
The iterative procedure to find fe is as follow^: 

(1) Select fei, the first approximation to te. 

(2) Determine feg from 

tan fejit 16 1 — cot fef,^2~'t3^fen^3 ••■ ('-'J 
with n = 1. 

(3} Determine new values k^+i, i'l'ora Equation fC) with n = 2, 3, 4, 5 ... until 
the difference between successive approximations is less than 0*0003. 

3.4, Theory of Method of Solution 

Iterative methods of this kind are of very general application to the 
approximate solution of equations but the conditions of convergence {and preferably 
rapid convergence) require investigation. 

For a function of one variable we have by Taylor's theorem 

f(a-\-h) ^ fia) +hf' (a) 

provided \h\ is sufficiently small. Thus if >: = a is a solution of f(x) = and a„ 
is our nth approximation to a 

f(a^) % (a^~a]f (aj or a = o„ - — 



Hence we take dn+i - ^n ; 

This method is usually known as Newton's method of successive approximation 
to the root of an equation. 

The rapidity of convergence is assured if we start with a reasonably near 
approximation and if /'(a„) is fairly large. 

If we have two equations involving two variables say fix, y) = and 
gix, y) = we may write 

x^ = 5c+e„ 
where the values x and y satisfy the equations. Then by Taylor's theorem 



11 



Similarly 



Ifx denotes 3^ and /^ , ^1 
= e„/, + S„/y since fix, y) = 



Thus, if Xn is determined from y^ and fixn, Jn) - and y^+^ from 5:„ and ^(x^, ^^n) 
tlie iteration will converge provided that 



= 



Vi 



< 1, 



the convergence being more rapid the smaller the ratio 



Sn+l 


= 


fySx 


K 


fxgy 



Moreover, if we reverse the order of determination of the variables i.e. 
determine yn from /(%„, y„) = and x^+i from gix^+i, ^nU which amounts to reversing 
the roles of / and g the ratio is inverted i.e.: 



S..1 


- 


fxgy 


K 


fySx 



Thus convergence will always be obtained but rapid convergence only if one 
or other of the ratios is much less than unity. 

This analysis was applied to both, the methods described in detail above and, 
bearing in mind the order of magnitude of 6^, 6^ and 0^ which can be seen fairly 
easily by inspection of Bguations (IS) and (13), it was found that method (1) gave 
rapid convergence when 9^ was near zero or near 90 while method (2) was better when 
Oq was near 45 . 

In method (1) for instance, putting 6 <2 " 6'2+Sn ^^^ O^ - ^3+^n 



Sn. 



sec kO^ cosec 6^ 
cosec 6 Q cosec fe 6<2 



k^ sec^ k 62 



since 6'2 is small and hence 



cosec p 2 ^ "TT and cosec fe6'2~ o. n^ 



k^e: 



IS 



Thus 



Sn+l 



is « 1 when 6q is near zero 
is » 1 wtien 6q is near 90 



Hence for Oq near 90°, the direction of the iteration cycle had to be reversed. 
For method (S) Equation (C) is taken in the form: 
tanXfl^i = cot y„ 02" "t^^ ^n ^a 
yn+ 1 ' Xn 



Here 



with y - X. 



'n+l 



^2 cosec^3( d^'^^s sec^ yda 
9 1 sec^x^i 



Now, provided that^gis not too near 90°, sec^y 0g « cosec^y i^s and sec^y^i, 
i9i»02 and tany^i is fairly near cot 3/^2 ty inspection of Equation (12) with y for k. 



Thus in this case: 



S„. 



«1 



3.5. Preparation of Graphs 

Having found a large number of sets of k, ^i, 62 ^^^ ^3 ^^^ computed the 
corresponding N for each, graphs were drawn to facilitate reading the 61, 62 ^'^^ &3 
corresponding to any particular k and S. These are given in Figs. 4, 5 and 6. 
Only values of fe < 1 were considered since, in practice, adding tt/S to the electrical 
length of the element ^3 is equivalent to replacing fe by l/fe. 



4. USE OF DESIGN CURVES 

In order to illustrate the use of the filter design curves of Figs. 4, 5 and 
6 three practical examples are considered. 

Exanp le I 

It is required to design a notch filter to suppress a frequency of 90 Mc/s 
and pass a frequency of 88 Mc/s. The pass loss is required to be less than 0*5 dB 
and the stop loss greater than. 40 dB. 

Prom Equations (7) (expressed graphically in Fig. 3) the resistances 
necessary at the pass and stop frequencies are: 

Pass frequency TpJ? =9-0 
Stop frequency Y ^r = 0*005 

From Equations (6a) and (6b) the design parameters of the filter must 
therefore be: 
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1 

5460 i 

p- ___ (r/R]^{l~k) = 0*26 dB/100 ft 

li in. diameter copper feeder will have a loss approximately equal to that 
required and will therefore be satisfactory for constructioii of the filter. The 
filter may now be designed by use of the curves of Figs. 4, 5 and 6. The parameter 
fe, the ratio of stop and pass frequencies, is 88/90 = 0-978 and using the values of 
fe = 0*98 and N ~ 2S'S, the lengths of the elements dx, 6-2 and 63 may be read off from 
the curves of Figs. 4, 5 and 6 respectively. The values measured at the stop 
frequency are: 

^1= 8V0° 

e^ = 4-8° 

03= 7-8° 

Example 2 

If it is assumed that a filter of similar performance to that of Example lis 
required but with the pass and stop frequencies interchanged (i.e. pass frequency 
90 Mc/s and stop frequency 88 Mc/s) the method of calculation must be modified. The 
modification is quite simple and can be described as follows: (a) Calculate the 
value of d as in Example 1. Since the required pass and stop losses are the same the 
value will be the same i.e. 0*S9 dB/100 ft and li in. diameter copper feeder will be 
suitable for construction of the filter, fb) Calculate the value of H as in Example 
1 but tiiien using the curves of Figs. 4, 5 and 6 use the inverse of the value calcula- 
ted i.e. 

The values of the lengths of the elements now become: 

6^ = 85-6° 
e^= 4-6° 
^g = 77-0° 

A filter with these dimensions will have a normalised conductance at the 
pass frequency equal to the required normalised resistance at the stop frequency and 
vice versa (by normalised is meant the values of rl ^ and RY ^ and their reciprocals). 

It is necessary to add a quarter— wavelength to the 62 element in order to 
carry out the necessary inversion and to obtain the required resistances at the pass 
and stop frequencies. The values of the lengths of the elements in this case are 
thus: 

^1 = 85*6'' 
e^= 4-6^ 
63 = 167-0° 
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This solution is necessarily approximate, since the change of length with frequency of 
the additional quarter-wavelength of ^3 has not been taken into account. The 
approximation is satisfactory in most practical cases, however, and it is intended, 
when time permits, to extend the design curves to cases where the pass frequency is 
higher than the stop frequency (i.e. 63 lies between 90° and 180°). 

Example 3 

The cases considered in Examples 1 and S are of filters in which the 
bandwidths of the signals being passed and stopped are small; for example "VHP/PM 
applications, and the filter design is thus based purely on loss considerations. 
In passing it may be noted that the pass-loss specification may be based on the 
permissible dissipation in watts in the case of transmitting equipment and the noise 
factor of the receiver in the case of receiving equipment. In television applica- 
tions, however, the bandwidth of the vision signal is of great importance and must be 
taken into account. In Pig. 7 a simple form of combining filter for television 
applications is shown and it is useful to consider the design bf notch filter "A". 
This filter is required to pass a vision carrier signal with a loss not exceeding 
3 dB at the edge of the vision band i.e. at vision carrier frequency minus 3 Mc/s and 
to stop the sound transmission at vision carrier frequency minus 3*5 Mc/s. If, in 
Equation (8), the losses are ignored (i.e. a = is assumed) then a value of H can be 
determined i^ich satisfies the condition laid down for loss at the edge of the vision 
band. In Equation (4) we may eliminate r thus obtaining a value for R in terms of 
any chosen type of feeder used for the filter elements, i.e. 



R = 



5460(1- k) 



The size of feeder required to give a specified pass loss at the sound 
carrier may thus be determined. The design of the filter from the curves of Pigs. 4, 
5 and 6 is then carried out as in the preceding examples. 
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5, COITCLUSIONS 

The most convenient form of coaxial notch, filter, both, electrically and 
mechanically, is the "T'''-type first described by B^Mb Sosin^,"'" The calculation of the 
dimensions of this type of filter for practical applications is difficult on accoimt 
of the intractable nature of the equations governing' its performance. 

In this report a series of curves is presented together with basic design 
information -which facilitates the rapid calculation of filters for specific applica- 
tions^ 
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